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On perfect colorings of the halved 24-cube* 

Denis S. Krotov 



Abstract 



A vertex coloring of a graph is said to be perfect with parameters ((Hj)i j=i if f° r 
every i,j E {1, k} every vertex of color i is adjacent with exactly aij vertices of 
C \ color j. We consider the perfect 2-colorings of the distance-2 graph of the 24-cube 

{0, l} 24 with parameters ((20 + c, 256 — c)(c, 276 — c)) (i.e., with eigenvalue 20). We 
prove that such colorings exist for all c from 1 to 128 except 1, 2, 4, 5, 7, 10, 13 
and do not exist for c = 1,2, 4, 5, 7. Keywords: perfect coloring, equitable partition, 
halved n-cube. 

C3 



1 Introduction 

We study the vertex 2-colorings of the vertices of the distance-2 graph of the 24-cube 
that are perfect colorings with the eigenvalue 20. These parameters are of interest by the 
following reasons. 

At first, a known problem is the existence of perfect colorings of the 24-cube (i.e., its 
distance-1 graph) with parameters from the list ((1, 23)(9, 15)), ((2, 22)(10, 14)), ((3,21) 
(11,13)), ((5, 19) (13, 11)), ((7,17)(15,9)) (according to [HE [2], the question of the ex- 
' istence of perfect colorings of the n-cube with fixed parameters is closed for n < 24). 

Colorings with such parameters would correspond to colorings of the distance-2 graph 
with parameters from the class under study (see Section [2] for the connection between 
^ ! perfect colorings of the distance-1 and distance-2 graphs). 

At second, an interesting fact is combini 
cover a large specter of 121 parameter sets. 



At second, an interesting fact is combining two different-nature construction allows to 



Let G be a simple graph; let / be a finite set, whose elements will be called colors. A 
coloring T : V(G) — * / is called perfect with parameter matrix (sij)ij e i, iff T is surjective 
and for every colors i and j every vertex of color i has exactly color- j neighbors. 

By H n we denote the hypercube of dimension n, or n-cube (the vertices are the binary 
words of length n; two words are adjacent iff they differ in exactly one position; the 
distance between two words is the number of positions in that they are different). The 
the distance-2 graph of the hypercube will be denoted by H n (two words are adjacent 
iff they differ in exactly two positions); its degree is n{n — l)/2. This graph has two 
connected components, which are known as halved n-cubes; we denote them H n and 
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H n ; from the point of view of perfect colorings it is sufficient to consider only one of 
them. 

Usually, we will consider colorings into two colors, of 2-colorings; the parameter matrix 
will be written as ((a, b)(c, d)). Note that, arranging the colors, we can always set b > c. If 
the graph is regular of degree s, then a necessary condition for the existence of a perfect 
coloring with parameters ((a,b)(c,d)) is a + b = c + d = s. So, graph's degree is an 
eigenvalue of the parameter matrix. The second eigenvalue is a — c = d — b; we will refer 
this value as the eigenvalue of the perfect 2-coloring and of its parameters. Often, it is 
convenient to consider a 2-coloring as the characteristic function of some set; in this case 

1 will be considered as the first color; 0, as the second. 

In this paper we study admissible parameters of perfect 2-colorings of H 2A with the 
eigenvalue 20, i.e., parameters of the form ((20 + c, 256 — c)(c, 276 — c)). 
We will prove the following: 

Theorem 1. Perfect colorings of H^ n with the parameters ( (20 + c, 256 — c)(c, 276 — 
c)) exist for c = 3, 6, 8, 9, 11, 12, and all c from 14 to 128. 

Theorem 2. There are no perfect colorings of with the parameters ((20 + 

c, 256 - c)(c, 276 - c)) if c is 1, 2, 4, 5, or 7. 

The values c = 10 and 13 remain under the question; however, the proved facts allow 
to observe the existence of gaps in the specter of admissible parameters. Theorems [T] 
and [2] will be proved in Sections H] and [5j In Section [2] we will show that a perfect coloring 
of H n is a perfect coloring of H n and establish a relation between the parameters of these 
colorings. In Section [3] observe the possibility to combine two different 2-colorings (of an 
arbitrary graph) with the same eigenvalue provided the supports of one color are disjoint 
for two colorings. 

2 A connection between perfect colorings of the graphs 

H n and H n 

Lemma 1. A perfect coloring of H n with matrix S is a perfect coloring of H n with 
matrix 1/2(S 2 — nE) (where E is the identity matrix). 

Proof. Let us consider a perfect coloring T of H n with parameter matrix S. By the 
color structure T(M) of some set M of vertices of H n we call the collection from |/| 
numbers each of them denoting the number of the vertices of the corresponding color in 
M. For an arbitrary vertex v of H n the the color structure of {v } consists of zeros in all 
the positions except T(v), where the one is. Denote by D\(v) and D2(v) the set of vertices 
at the distance 1 and 2 from v, respectively. By the definition of a perfect coloring we 
have T(Vi(v)) = ST({v}). Summarizing this formula over the neighborhood D\(w) of 
some fixed vertex w, we get 

E E t w= E nvi(v))= E ST (M) = s J2 nw) = ^(M)- 

v£Di (w) udD\ (v) v£Di(w) ti£Di(tu) v£Di(w) 
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On the other hand, in the sum in the left the index u runs over twice the vertices of 
D 2 (w) and n times, the vertex w. Therefore, this sum also equals nT(w) + 2T(D 2 (w)); 
so, we deduce 

T(D 2 (w)) = l/2(S 2 T({w}) - nT({w})), 

which proves the statement. ▲ 
Note that each of the components of H n can be colored in less then all colors; i.e., 
H e ^ en (as well as H° n ) can be colored in lesser number of colors than H n (see, e.g., 
Lemma [3]) . 

The following table lists all admissible parameters of perfect 2-colorings of H 2 ± that 
correspond to perfect 2-colorings of H 2i with the eigenvalue A = 20 (20 = l/2(8 2 — 24) = 
l/2((— 8) 2 — 24)). The existence of colorings with the parameters marked by grey is an 
open question; for the other parameters, perfect colorings exist [HE]. 
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32 244 
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3 Unifying two perfect colorings with common eigen- 
value 

The following lemma, which is straightforward from the definitions, allow to unify disjoint 
supports of colors of different colorings with the same eigenvalue. 

Lemma 2. Let C\ and C 2 be two disjoint subsets of the vertex set V(G) of a simple 
regular graph G; and let C\ U C 2 ^ V{G). Assume, that the characteristic functions xci 
and xc 2 °f &i an d C 2 are perfect colorings of G with the same eigenvalue A, i.e., with the 
parameters of type (A + i, s — A — i; i, s — i) (A + j, s — A — j;j, s — j) where s is graph 's 
degree. Then the characteristic function XCiuc 2 °f the union is a perfect colorings of G 
with the parameters (\ + i + j, s — A — i — j;i+j,s — i — j). 



4 Codes and colorings. Proof of Theorem U 

In this section we construct a class of perfect 2-colorings of H° 2 ^ with the parameters 
announced in Theorem [lj The support of the first color of a coloring will be constructed 
as the union of cosets of one linear code and the neighborhoods of cosets of the Goley 
code. 

The set of the binary n-words (i.e., V(H n )) will be denoted by E n and considered as 
an n-dimensional vector space over the two-element field with the modulo 2 calculations. 
The distance /?(■,■) between two words is, as usual, the number of positions in which 
these words differ (which coincides with the natural graph metric in H n ). Recall that, by 
definition, an (n, M, d) code is a set from M vertices of H n such that the distance between 
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any two different words is not less than d. The neighborhood Q(C) of some set C C E n is 
the set of all the words at the distance 1 from C. 

Let C 8 and C' 8 be two (8, 16,4) codes such that C 8 nC' 8 = {00000000, 11111111} (for 
definiteness, C$ and C' 8 can be defined as containing 00101110 and 01001110 respectively 
and closed with respect to the addition and with respect to the cyclic permutation of the 
first seven coordinates). Define the code 



F = {(x + y,x + z,x + y + z)\x G C 8 ,y,z G C 8 }. 



(1) 



The distance coloring of a code C is a function on E n defined as the distance between 
the given vertex and C. 

Lemma 3. The distance coloring of the code F is a perfect coloring of and if 24 
with matrixes, respectively, 
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In particular, the generated coloring of H 24 is a 2-coloring with parameters ( (23, 253) (3, 273) ) . 

Proof. It is known [U 18.7.4] that ([I]) defines an extended perfect (24, 2 12 , 8) code, 
the Goley code. This means that the distance from any vertex to F is not more than 4. 
Moreover, the words with even number of ones (from V(H 24 )) have colors 0, 2, 4; with 

odd (from V(H 2A )), colors 1, 3. So, a color-4 vertex is adjacent in H 2A with 24 color-3 
vertices; a color-3 vertex is adjacent with color-2 and color-4 vertices only, the number of 
neighbor color-2 vertices being 3, because there is exactly one code vertex at the distance 
3 from the given vertex; the other colors can be checked similarly. The parameters of the 
perfect coloring of H u follow from Lemma [Q ▲ 
So, Xn(F) is the first 2-coloring from the parameter series of Theorem[TJ Taking disjoint 
translations of Q(F) and using Lemma [21 we would be able to construct 2-colorings with 
other parameters. In order to do it, we need as much as possible cosets by F at the 
mutual distance 4 from each other. Consider the set 

D = {(x + y,x + z,x + y + z)\x G C 8 ,y, z G B s }, 

where B 8 is the (8, 128, 2)-code containing 00000000 and, consequently, including C 8 (Cg 
and Cg are defined before the definition of F (pQ)). 

Lemma 4. The set D is a (24, 2 18 , 4) code. 

Proof. We first observe the validness of the three simple inequalities 



p((u, v , w), (u', v ', w')) > p{u + v + w,u' + v' + w'), 
p((u,v,w),(u',v',w')) > p(u,u') + p(v + w,v' + w'), 
p((u,v,w),(u',v',w')) > p{y,v')+p{u + w,u' + w'). 



(2) 
(3) 
(4) 



4 



Consider words r = (x + y,x + z,x + y + z) and r' = (x' + y', x' + z', x' + y' + z'), 
where x,x' G C 8 , y,y',z,z' G B 8 . li x ^ x', then, using ([2]) and the code distance 4 
of C 8 , we get p(r,r') > p(x,x') > 4. If x — x' and ?/ ^ y', then Q implies p(r, r') > 
p(x + x' + ?/) + p(y, y') = 2p(y, y') > 4. The case x = x', z ^ z' is similar. So, different 
choices of x, y, and z lead to different words with the mutual distance at least 4 from 
each other. The number of all such the words is |Cg| • |-Bs| 2 — 2 18 . A 
Since F and D are linear subspaces and, obviously, F C D, we can partition D into 
64 cosets by F; denote them iq, F 2 , . . . , -F 64 . Lemma H] implies that the neighborhoods of 
these cosets are mutually disjoint; therefore, applying Lemma El we can construct perfect 
colorings of H 2A with parameters of type ((20 + 3i, 256 — 3z)(3z, 276 — i — 1, . . . , 64. 
In order to cover the larger specter of parameters, we will need one more code: 

L = {(x,y,y + z)\x,y G B,z G C{\ 

Lemma 5. The characteristic function xl is a perfect colorinf of H^ n with param- 
eters ((28, 248) (8, 268)). 

Proof. Let as represent L as 

L = {(x, w)\x G B,w G Ciq} 

where C 16 = {(y,y + z)\y G B,z G Ci} is a (16, 2 11 , 4) code. 

1) Consider a code vertex (x, w) from C\q. The words of C*i6 adjacent with (x,w) in 
if 24 have the type (x + e,w), where e is an arbitrary word with exactly two ones. Since 
the number of such the words e is 28, every code vertex is adjacent with exactly 28 code 
vertices and, consequently, with 248 non-code vertices. 

2) Consider a non-code vertex (x, w) of H 2A . If x G^ B, then the code vertices of H 2A 
that are adjacent with (x, w) are of type (x + e, w + e') where each of the words e and e' 
has exactly one one. The word e can be chosen in 8 ways, while e', in not more than one 
way (otherwise C\q contains two words at the distance 2 from each other). So, the number 
of code vertices that are adjacent with (x, w) does not exceed 8. If x G B, then w G" Ciq, 
and the code vertices adjacent with (x, w) are of type (x, w + e") where e" has exactly 
two ones. The number of ways to choose e" is not more than 8 (otherwise C\q contains 
two words at the distance 2 from each other). So, every non-code vertex is adjacent with 
not more than 8 code ones. On the other hand, as follows from 1), the number of edges 
connecting code and non-code vertices equals 2 18 ■ 248 (where 2 18 the number of the code 
vertices), which coincides with (2 23 — 2 18 ) ■ 8, where 2 23 — 2 18 the number of the non-code 
vertices H 24 . We conclude that every non-code vertex is adjacent with exactly 8 code 
vertices and, consequently, with 268 non-code ones. A 

Let us consider the set 

N = {(x + 00000001, y + 00000001, z + 00000001) \x, y,zE B) C H° 2 f 

and partition it into the 8 cosets L\, . . . , Ls by L. Since the distance from D to N is 3, 
we see that all the sets fl(Fi), fi(F 2 ), . . . , f2(F 64 ), L\, . . . , L 8 are mutually disjoint and, 
applying Lemma [2], get the following: 
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Lemma 6. For any i G {0,1,..., 64}, j £ {0,1,..., 8}, < i + j < 72, the character- 
istic function of the union of i sets from Q(Fi), fl(F 2 ), . . . , Q(F e4: ) and j sets from L\, . . . , 
L 8 is a perfect coloring with parameters ((20 + 3i + 8j, 256 — 3i — 8j)(3i + 8j, 276 — 3i — 8j)). 

Since all the numbers from 1 to 128 except 1, 2, 4, 5, 7, 10, 13 can be represented as 
3i + 8j, Theorem [1] is proved. 

5 Proof of Theorem El The nonexistence 

In this section we prove the nonexistence of perfect colorings with parameters ((20 + 
c, 256 — c)(c, 276 — c)) for c = 1,2,4,5,7. A set S C V(H 24 ) is called a sphere iff it 
consists of all the 24 vertices at the distance 1 from some fixed vertex in V(H 24 ). 

In the following proof the notion of type V24, where V C {1, . . . , 24}, means the binary 
length-24 word with the nonzero-position set V. 

Lemma 7. Assume that the characteristic function \c of a set C C V{H 24 ) is a 
perfect coloring of H 2A with parameters ((20 + c, 256 — c)(c, 276 — c)). If c < 7, then C 
is the union of spheres. 

Proof. We consider only the two cases of ((25, 251)(5, 271)) and ((27, 249)(7, 269)), 
because the other cases are proved similarly. 

In the first case, c = 5. Let us take an arbitrary v from C and show that it belongs 
to a sphere included to C. W.l.o.g. we can assume v = 000000000000000000000000. A 
pair {i,j} of coordinates from 1 to 24 is called code iff {i,j} 2 4 £ C. As follows from the 
parameter matrix, there are exactly 25 code pairs. Moreover, c = 5 also implies that 

(*) a non-code pair intersects with at most four code pairs (the fifth neighbor will be 

v). 

Consider the cases: 

1) If some ith coordinate belongs to 23 code pairs, then the corresponding words 
together with v constitute a sphere, which proves the statement for this case. 

2) If some ith coordinate belongs to less than 23 and more than 4 code pairs, then % 
belongs to some non-code pair, contradicting (*). 

3) If some ith coordinate belongs to exactly 4 code pairs, then there is a code pair 
{j, k] disjoint with all of them. Then the non-code pair {i,j} contradicts (*). 

4) Assume that there is no a coordinate that belongs to more than 3 code pairs. 
Since the number of code pairs is greater than 24, there is a coordinate % that belongs to 
some 3 code pairs {i, J2}, {hjs}- It is easy to count that among the remaining 
20 coordinates there is j that belongs to two code pairs. Then the non-code pair {i,j} 
contradicts (*). 

For the case c = 5, the claim of the lemma is proved. 

Let us consider the case ((27, 249) (7, 269)), i.e., c = 7. In general, the idea of the 
proof is similar to the previous considered case, but now we will consider not one but 
two neighbor vertices of first color and show that for any coloring of the neighborhood of 
these two vertices the condition a = 27 contradicts to c = 7 (assuming that C is not the 
union of spheres). 
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By C we denote the union of the spheres included in C; by C" , the set C \C. We 
have to prove that C" is empty. Suppose the contrary. Let k be the maximum cardinality 
of the intersection of C and a sphere that contains at least one vertex from C" . Since 
such a sphere must contain a vertex not from C, we have 

k < c = 7. (5) 

W.l.o.g. we can assume that = 000000000000000000000000 e C" and {1,2} 24 , {1,3} 24 , 
...,{l,k} 24 eC. 

Let us consider three matrices whose rows are words of C from the neighborhoods of 
and {1, 2} 2 4- The rows of the matrix Ax are the weight-2 vectors different from {1, 2} 2 4 
and non-adjacent with {1,2} 24 . The weight-2 (weight-4) vectors adjacent with {1,2} 2 4 
form the matrix A 2 (respectively, A3). The vectors and {1,2} 24 themselves are not 
included to one of the matrices. The matrices A\ and A 2 (as well as A 2 and A3) have, 
summarily, a — 1 = 26 rows, which with {1, 2} 24 (respectively, 0) form the intersection of 
C and the neighborhood of (respectively, {1, 2} 24 ). Denoting the height of Ai by hi, we 
have 

hx + h 2 = h 2 + h 3 = 26. 
Moreover, from the definition of k we deduce 

h 2 <2k- 4, 

because the rows of A 2 have the form {1, j} 24 (not more than k — 2 rows, because together 
with and {1,2} 24 they belong to the sphere centered in {1} 24 ) or {2,j} 24 (similarly). 

Since every row of Ax and A 2 contains exactly two ones, the total number of ones in 
Ax and A 2 is 52. Thus, there is a column that contains (summarily in the two matrices) 
at least three ones, which means by the definition of k that 

k > 4. (6) 

Every row of A3 contains four ones. In summary, the number of ones in the three matrices 
equals 

2hx + 2h 2 + 4h 3 = 2 ■ 26 + 2(26 - h 2 ) + 2h 3 > 104 - 2(2A; - 4) + 2h 3 = 112 - 4k + 2h 3 (7) 

(2/i 3 corresponds to the ones in the first two columns of A3 and will be canceled in the 
following estimation). 

Let us estimate this value from the other side. We call the columns with the numbers 
at most (more than) k the left (respectively, right) part of the matrix. 

(a) The left part of Ax contains at most {k — 2)(k — 1) ones. Indeed, the first two 
columns of Ax are zero; and, by the definition of k, any other column contains at most 
k — 1 ones. 

(b) The left part of A 2 contains at most 4(k — 2) ones. Indeed, as noted above, A 2 
has at most 2 (k — 2) rows, every row containing exactly two ones. 

(c) The right parts of the three matrices contain summarily at most (24 — k)(7 — k) 
ones. Indeed, if for some j > k the jth columns of Ax, A 2 , and A3 contain more than 7 — k 
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ones, then the word {1, j} 24 G" C has more than 7 neighbors from C (the corresponding 
rows plus 0, {1, 2} 2 4, {1, 3} 24 , . . . , {1, k} 24: ), which contradicts to the parameter c = 7. 
Let us consider separately two subcases: 

I. {1,2)24 G C" . In this case we additionally have the following: 

(d) The left part of A 3 contains at most 2h 3 + (k — 2){k — 1) ones. (Similarly to (a), 
but the first two columns consist of ones.) 

In summary, estimating the total number of ones in A±, A 2 , and A 3 from (a)-(d) and 
taking into account (j7j), we have 

112 -Ak + 2h 3 < (k - 2)(k - 1) + 4(Jfe - 2) + 2h 3 + (k - 2)(k - 1) + (24 - k)(7 - k). 

I.e., 

3k 2 - 29fc + 52 > 0, 

which does not hold for the values k — 4, 5, 6, 7 satisfying (jSJ) and ([6]). This contradiction 
proves the statement for the subcase I. 

II. {1,2}24 G C . Then, C includes a sphere centered in {1,2, j} 24 for some j. Conse- 
quently, A 3 contains all rows of type {1, 2, j, i} 24 , i 6 {3,..., 24} \ {j}; thus, every column 
of A 3 contains a one. Taking into account (c), we get the following: 

(e) The right parts of A\ and A 2 contain at most (24 — k)(6 — k) ones summarily. 
As noted above, the total number of ones in Ai and A 2 is 52. On the other hand, as 

follows from (a), (b), and (e), it is not greater than 

(k - 2)(k - 1) + A{k - 2) + (24 - k)(6 - k) = 2k 2 - 29k + 138. 

We deduce that 2k 2 — 29k + 86 > 0, which is not true if 5 < k < 7, but holds for k = 4. 

Let us consider this remaining subcase. We have: {1,2} 2 4, {1,3} 2 4, {1,4} 2 4 G C; 
moreover, {1,2} 24 belongs to a sphere included in C. The center of the sphere has the 
form {l,2,j} 2 4 (it cannot contain only one one, because G C"). Then, {1, j} 2 4 G C; so, 
j is 3 or 4. Assume w.l.o.g. that j = 3. We claim that 

(**) {1,4} 24 G C" . Suppose, by contradiction, that {1,4} 2 4 belongs to a sphere 
included in C. Similarly to the arguments above, the center of the sphere must have the 
form {1, j, 4} 2 4 where j is 2 or 3. But the spheres with centers {1,2,3} 24 and 4} 2 4 
have nonempty intersection. A vertex from the intersection belongs to C and has at least 
45 neighbors from C (1 + 45 is the cardinality of the union of the two spheres), which 
contradicts to a = 27. The claim (**) is proved. 

So, interchanging the second and the fourth coordinates leads to the case I. A 

Lemma 8. Let C C V^H^™) be the union of spheres; and let the characteristic 
function \c be a perfect coloring of if 24 with ((20 + c, 256 — c) (c, 276 — c)). Then either 
c is divisible 3, or c > 25. 

Proof. If C includes two intersecting spheres, then their union contains 46 vertices, 
and a common vertex is adjacent with the other 45 vertices of the union. Thus, 20+c > 45, 
i.e., c > 25. 

If, otherwise, C consists of disjoint spheres, then every vertex from V(H 24: ) \ C is 
adjacent with exactly three vertices from each neighbor sphere; thus, c = mod 3. ▲ 
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Since the values c = 1, 2, 4, 5, 7 contradict Lemmas [7] and [U Theorem [2] is proved. 
Moreover, we can conclude that a perfect coloring with parameters ((23, 253) (3, 273)) is 
unique up to graph automorphisms. 

6 Conclusion 

For the conclusion, we list all values of c from 1 to 128 in a table. The sign "— " means 
the nonexistence of perfect colorings with parameters (20 + c, 256 — c; c, 276 — c) in H24; 
"+", the existence, "?" the question is open. A circle means that a coloring with these 
parameters can be constructed as a union of cosets of the neighborhood of the Goley code; 
a box, as a union of cosets of the linear code L. 
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coBepnieHHbix pacKpacxax nojiOBHHnaToro 24-Ky6a* 

C. KpOTOB 

I: 

PacKpacxa BepniHH rpacpa Ha3tiBaeTCH cc-BepuieHHOH c napaMeTpaMH ((Hj)i j=i> 
ecjiH ,a,jiH Bcex i,j € {l,...,k} KajK^aa BepniHHa inseTa i CMejKHa pobho c Ojj Bep- 
niraaMH u;BeTa j. PaccMaTpnBaiOTCH coBepnieHHbie pacKpacKii b pp& useTa rpacpa 
paccTOHHHH 2 rnnepKy6a {0, l} 24 c napaMeTpaMH ((20 + c, 256 — c)(c, 276 — c)) (t. 
e., c co6cTBeHHbiM 3HaHeHHeM 20). Mm flOKa3BiBaeM, hto Taxne pacKpacKii cynre- 
CTByiOT npn Bcex c ot 1 flo 128 KpoMe 1, 2, 4, 5, 7, 10, 13 h He cym,ecTByiOT npn 



o. 

U- c= 1,2,4,5,7. 

c3 



1 BBe^eHne 

Mm H3ynaeM pacKpacKH b jjBa inseTa BepniHH rpacpa paccToaHira /iBa 24-MepHoro rnnep- 
Ky6a, nBjinioiHHeca coBeprueHHMMH pacKpacKaMH c co6cTBeHHbiM hhcjiom 20. HHTepec 



(N 



HM6HHO k 3thm napaMeTpaM o6ycjiOBjieH cjiejjyioiiniMH npaiMHaMH. 

Bo-nepBbix, H3BecTGH Bonpoc cymecTBOBaHna coBepnieHHbix pacKpacoK rnnepKy6a (to 
ecTb ero rpacpa paccTOHHuft 1) pa3MepHOCTH 24 c napaMerpaMH ((1, 23)(9, 15)), ((2,22) 
(10,14)), ((3,21)(11,13)), ((5,19)(13,11)), ((7, 17)(15, 9)) (corjiacHO [USE], Bonpoc cy- 
mecTBOBaHHa coBepnieHHbix pacKpacoK n-Ky6a c cpiiKCiipoBaHHbiMH napaMeTpaMH noji- 

HOCTbK) HCCJie^OBaH flJIH 71 < 24) . PaCKpaCKH C 3THMH napaMeTpaMH COOTBeTCTBOBajIH 6bl 

pacKpacxaM rpacpa paccTOHHHH 2 c napaMeTpaMH H3 nccjie^yeMoro KJiacca (no,zrpo6Hee o 
^ ! CB33H napaMeTpoB pacKpacoK rpacpOB paccToamrii 1 h 2 cm. pa3jxeji [2]) . 

Bo-BTopbix, HHTepeceH cpaKT, hto, KOM6nHHpya /iBe coBepnieHHO pa3HopojjHbie koh- 
CTpyKn^HH, yjjaeTca noKpbiTb 6ojibinoH cneKTp H3 121 HaSopa napaMeTpoB. 

IlycTb G - npocTOH rpacp, / - KOHenHoe MHOKecTBO, sjieMeHTbi KOToporo SyiieM Ha- 
3biBaTb neemaMU. OTo6pa>KeHHe T : V(G) — > I Ha3biBaeTca coeepmeuHou pacKpacnou c 
MaTpHneft napaMeTpoB (sij)ij e j, ecjin oho ciop'beKTHBHO h jj;jih KajKjjbix i, j y KajK/xpH 
BepniHHbi inseTa i hhcjio cocejxen inseTa j paBno s^. 

Hepe3 H n o6o3HanHM rnnepKyS pa3MepHOCTH n (BepniHHbi zunepKy6a, hjih n-Ky6a, - 

JXBOHHHbie CJIOBa flJIHHbl 71] RB& CJIOBa CM6JKHH eCJIH H TOJIbKO eCJIH OHH pa3JIHHaiOTCH 
POBHO B OflHOH n03H]THH; paCCTOHHHe MOKijy JJByMH CJIOBaMH eCTb HHCJIO n03HHHH, B 

kotopmx cjiOBa pa3JiHHHbi) . rpacp paccTOHHHH 2 rnnepKy6a 6yjj;eM o6o3HanaTb nepe3 H n 
(jj;Ba cjiOBa CMe>KHbi ecjin h TOJibKO ecjin ohh pa3JiHnaiOTCH pobho b flByx no3Hnpiax) , ero 



* Hccjie^OBaHHe BbinojiHeHO npn cphhclhcoboh ncymepjKKe PoccniicKoro cpOH^a cpyH^aMeHTajibHbix 
HCCJieflOBaHHii (npoeKT 08-01-00673-a) 
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CTeneHb paBHa n(n — 1)/2. IlocKOJibKy stot rpacp coctoht h3 ,a,Byx komiiohght cbh3hocth, 

H3BecTHbie KaK noAoeuHuamue (halved) n-K,y6u o6o3HanHM hx H e J en h H° n , c tohkh 
3peHHa coBepineHHbix pacKpacoK ^ocTaTOHHO pacciviaTpHBaTb ojxsy H3 KOMnoHeHT. 

KaK npaBHJio, mm 6yn;eM pacciviaTpHBaTb pacKpacKH b ^Ba HBeTa, hjih 2-pacKpacnu; 
MaTpnny napaMeTpoB Syijeivi 3anHCbiBaTb b BH^e ((a, b)(c, a)). 3aMeraM, hto, Hys<HbiM 
o6pa30M ynopfl^OHHB HBeTa, Bcer,zra mojkho ^oShtbch b > c. Ecjih rpacp peryjiapHbra CTe- 
neHH s, HeoSxo^HMbiMH ycjiOBneM cymecTBOBaHHH coBepnieHHOH pacKpacKH c napaMeT- 
paMH ((a, b) (c, d)) HBJiaeTCH a + b = c + d = s. TaKHM o6pa30M, CTeneHb rpacpa aBJiaeTca 
coScTBeHHbiM hhcjiom MaTpnirbi napaMeTpoB. Btopbim coSctbghhmm hhcjiom MaTpnirbi hb- 
jiaeTca a — c = d — b, bto 3HaneHne 6y^,eM cnnTaTb co6cmeeHHUM hucaom coBepineHHoii 
pacKpacKH n ee napaMeTpoB. HacTO ya,o6HO cnnTaTb 2-pacKpacKy xapaKTepncTnnecKon 
cbyHKHnen HeKOToporo MHOJKecTBa, b stom cjiynae nepBbiM HBeTOM ^oroBopnMca cnnTaTb 

1, BTOpbIM - 0. 

B jjcihhoh pa6oTe nccjie/jyiOTCH B03MOJKHbie napaivieTpbi coBepineHHbix pacKpacoK b 
jxb& HBeTa rpacpa H 24 c coScTBeHHbiM hhcjiom 20, t. e. napaivieTpbi Bn^a ((20 + c, 256 — 
c)(c, 276 — c)). Pe3yjibTaTOM aBjiaiOTca cjie^yiomiie ^Ba yTBepsc^eHnn. 

CVG.TL 

TeopeMa 1. CoBepnieHHbie pacxpacKH rpacpa H 24 c napaMerpaMii sn^a ((20 + 
c, 256 — c)(c, 276 — c)) cymecxByioT npn c = 3, 6, 8, 9, 11, 12 h Bcex c ot 14 pp 128. 

TeopeMa 2 . He cymecrByer coBepineHHbix pacxpacoK rpacpa H^ n c napaMerpaMii 
BH^a ((20 + c, 256 — c)(c, 276 — c)) npn c pasHOM 1, 2, 4, 5 hjih 7. 

3HaneHHn 10 ii 13 ocTaiOTca no,a, BonpocoM, o^HaKO, ,a,OKa3aHHoe yxce no3BOJiaeT ot- 
MeTHTb pa3pbiBbi b cneKTpe flonycTiiMbix 3HaHeHHii. TeopeMbi [1] h [2] SyiryT ^OKa3aHbi b 
pa3^ejiax [4] h [5l B pa3,a,ejie[2]noKa3aHO, hto coBeprueHHaa pacxpacKa rpacpa H n aBJiaeTca 
coBepnieHHofi pacKpacKoft rpacpa H n h ycTaHOBJieHa CBa3b napaMeTpoB 3thx pacKpacoK. 
B pa3/j;ejie [3] yKa3aHO Ha B03MOJKHOCTb KOMSnHHpoBaHHH 2-pacKpacoK (npoH3BOJibHoro 
rpacpa) c o^iiHaKOBbiM co6cTBeHHbiM hhcjiom, npH ycjiOBHH HenepeceKaeMOCTH HOCiiTejieii 

OflHOrO H3 HBeTOB. 



2 CB33b coBepineHHbix pacKpacoK rpacJ)OB H n h H n 

JleMMa 1 . CoBepuieHHas pacxpacKa c MaTpHH,e& S rpacpa H n zBJizercz cobbphibhhoh 
pacKpacKoii c MarpnijeH 1/2(S 2 — nE) rpacpa H n Ha tom me MHOxecTBe BepuiHH (E - 
eflHHHHHax MarpHna ) . 

/I,OKa3aTejii>CTBO. PaccMOTpnM coBepnieHHyio pacKpacKy T rpacpa H n c MaTpimeft 
napaMeTpoB 5*. L[BeTOBbiM cocTaBOM T(M) MHoacecTBa BepniHH M rpacpa H n Ha30BeM Ha- 
6op H3 |7| niiceji KajK^oe H3 kotopbix oSosHanaeT niicjio BepniHH cooTBeTCTByiomero irBeTa 
b MHO>KecTBe M . J\jisi npoH3BOJibHOH BepniHHbi v rpacpa H n uBeTOBoii cocTaB MHO>KecTBa 

{v} COCTOHT H3 Hyjiefl BO BCeX n03HIi;HHX, KpOMe T(v), TRe CTOHT eflHHHD;a. 0603HaHHM 

nepe3 Di(v) ii D 2 (v) mhojkcctbo BepniHH Ha paccTOHHHH 1 h 2 ot v, cooTBeTCTBeHHO. no 
onpe^ejieHHio coBepnieHHoii pacKpacKH HMeeM T(Vi(v)) = ST({v}). flocyMMnpoBaB 3Ty 
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cpopMyjiy no OKpecTHOcra D\(w) HeKOTopoii cpHKcnpoBaHHOH BepniHHbi w, nojiynnM 



E E r w 

v£D±(w) udD\(v) 



E T <y&)) 



E 5r (M) 



^ E r(W) = 5 a r(M)- 

«60i(ro) 



C flpyrofi CTopoHbi, b cyMMe cjieBa HH^eKC u jiB&yKjibi npoSeraeT BepniHHbi D%(w) h n 
pa3 - caiviy BepniHHy w. TaKHM o6pa30M, 3Ta cyMMa paBHa TaK>Ke nT(w) + 2T(D 2 (w)), 
OTKy^a 

T(D 2 {w)) = l/2(S 2 T({w}) -nT({w})), 

hto h TpeSoBajiocb ^OKa3aTb. ▲ 
Otmcthm, hto Moa<eT OKa3aTbCH, hto b KajK^OH KOMnoHeHTe CB33H0CTH rpacpa H n 

oyzryT BCTpenaTbca He Bee HBeTa, to ecTb rpacp n n (KaK n rt n ) oyznBT pacKpaineH b 

MeHbniee hhcjio nBeTOB (cm. HanpHMep JIeMMy[3]). 

B cjie^yiomeB; TaSjinne npHBe^eHbi Bee B03MO»cHbie napaMeTpbi coBepnieHHbix pac- 

KpacoK b flBa HBeTa rpacpa -£^4, KOTopbie cooTBeTCTByiOT coBepineHHbiM pacKpacKaM if 24 



c C06cTBeHHbIM hhcjiom A = 20 (20 



-21 



-24- 



. Ilpo cymecTBOBaHHe pacKpacoK 



2 2 

c napaMeTpaMH, 3aTeHeHHbiMH cepbiM itbgtom, b HacToamee BpeMH Hnnero He H3BecTHO, 
pacKpacKH c ocTajibHbiMH napaMeTpaMH cymecTByioT [T], [2]. 
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3 OSte^imeHHe n,BeTOB ^Byx pacxpacoK c o6iii,hm co6- 

CTBeHHblM HHCJIOM 



Cjie,zryiOHraH JieMMa, BbiTeKaionraH HenocpeixcTBeHHO H3 onpeirejieHHH, no3BOJiaeT oGte/iH- 
HHTb HenepeceKaioinnecfl hochtcjih irBeTOB pa3JinnHbix pacKpacoK c ojjHHaKOBbiM co6- 

CTBeHHblM HHCJIOM. 

JieMMa 2. IlycTb C\ n C2 - ABa Henepecexaiomiixcfi noffMHomecTBa MHOxecrBa Bep- 
bihh V(G) npocmro peryjiapHoro rpacpa G, npnaeM C\ U C2 7^ V(G). M npe^nojioyKHM, 
hto xapaKTepiiCTiinecKiie cpyHKL^nn Xd 11 Xc 2 mhoxgctb C\ h C2 hbjihiotch coBepmeH- 
HbiMii pacKpacKaMH G c onnnaKOBbiM cot5cTB6HHMM hhcjiom A, to ecTb c napaMeTpaMH 
BH/ia (A + i, s — A — i; i, s — i) 11 (A + j, s — A — j; j, s — j) r^e s - creneHb rpacpa. Tor/ra 
xapaKTepiiCTHnecKaa cpynKnnsi Xc'iuc 2 o6 r bejrnnennsi ecrb coBepineHHaa pacxpacxa G c 
napaMerpaMH (X + i+ j,s — A — i — j;i+j,s — i — j). 



4 Ko^bi h pacKpacKH. ,HoKa3aTejibCTBO TeopeMbi [T] 

B 3tom pa3flejie mm nocTponM KJiacc coBepnieHHbix pacKpacoK rpacpa rT^ 4 c napaMeTpa- 
MH, aHOHcnpoBaHHbiMH b TeopeMe [TJ HocHTejib nepBoro HBeTa 6yn;eT ctpohtbch KaK o6t>- 
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G^HHGHHG CMGJKHblX KJiaCCOB O^HOrO JIHHGHHOrO KO^a H OKpGCTHOCTGH CMGJKHblX KJiaCCOB 

KO^,a Tojigsi. 

MHO>KGCTBO flBOHHHBIX CJIOB flJIHHBI 71 (t. G. V (H n )) 6y^GM o6o3HaaaTb HGpG3 E n H 
paCCMaTpHBaTb KaK n-MGpHOG BGKTOpHOG npOCTpaHCTBO Hafl nOJIGM H3 flByX 3JIGMGHTOB, 
C BblHHCJieHHHMH nO MOflyjIK) 2. IlOfl pdCCmOttHUeM /}(•, •) MGJKfly JIByMH CJIOBaMH 6yflGM, 

KaK o6bihho, no^,pa3yMGBaTb hhcjio no3HHHH, b kotopbix 3th ^Ba cjiOBa pa3JiHHHbi (hto 
C0Bna^,aGT c gctgctbghhoh mgtphkoh b rpacpe H n ). HanoMHHM, hto (n, M, d)-KodoM Ha- 

3bIBaGTC3 MHOJKGCTBO H3 M BGpiIIHH H n TaKOG, HTO paCCTOSHHG MG>Kfly JIK)6bIMH flByMH 
pa3JIHHHbIMH BGpniHHaMH HG MGHBIIIG d. OKpecmHOCmbW Q(C) HGKOTOpOrO MHOJKGCTBa C 
SyJTCM CHHTaTb MHOJKGCTBO CJIOB Ha paCCTOHHHH 1 OT C. 

llycTb C§ h Cg — nBa (8, 16,4)- K ojja TaKHx, hto C 8 nC' 8 = {00000000, 11111111} (jijih 

OnpGflGJIGHHOCTH, Cg H Cg MOJKHO OnpG^GJIHTb KaK CO^Gp>KaiU,HG 00101110 H 01001110 
COOTBGTCTBGHHO H 3aMKHyTbIG OTHOCHTGJIbHO CJIO>KGHHfl H HHKJIHHeCKOH nGpGCTaHOBKH 
nGpBMX CGMH KOOpflHHaT) . OnpGflGJIHM kojj; 



F = {(x + y,x + z,x + y + z)\x E C 8 ,y,z E Cg}. 



(1) 



flucmaHitMOHHOu pacnpacKou KO,n;a C Ha30BGM (pyHKH,Hio, conocTaBJiaioinyio KajKnpfi BGp- 
niHHe H3 H n paccToaHne ot Hee ^,0 C. 

JleMMa 3. /JncTaHii,HOHHaa pacKpacKa KO^a F ecrb coBepnieHHaa pacKpacxa rpadpoB 
H 2 4 m H 2 4 c MarpnifaMH, cootbgtctbghho , 
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B ^acTHOCTii, nopoxfleHHaa pacKpacxa rpacpa H 24 ecrb z-pacKpacxa c napaMerpaMii 
((23, 253) (3, 273)). 

/XoKa3aTejibCTBO. H3BecTHO [H 18.7.4], hto (ED) 3a^aeT pacniHpeHHbra coBepnieHHbiH 
(24, 2 12 , 8)-KOfl, H3BGCTHbiH KaK Koji, rojiea. 3to 03HaaaeT, tto paccToaHne ot jiio6oh Bep- 
niHHbi flo KO^a He 6ojibnie aeTbipex. KpoMe Toro, BepuiHHbi c aeTHbiM hhcjiom e^HHHH, 
(h3 V(H 2 ^ n )) HMeiOT HBeTa 0, 2, 4, a c HeaerabiM (h3 V(H 2A )) - HBeTa 1, 3. TaKHM 
o6pa30M, BepniHHa HBeTa 4 CMe>KHa b H 2 4 c 24 BepniHHaMH HBeTa 3; BepniHHa HBeTa 3 
civiejKHa tojibko c BepniHHaMH HBeTOB 2 h 4, npHneivi civiejKHbix BepniHH nBeTa 2 pOBHO 
3, nocKOJibKy Ha paccToaHHH 3 ot naHHoii Haxo,aHTca tojibko onHa KOJXQBaa BepniHHa; 
aHajiorHHHO npoBepaiOTca Jipyrne HBeTa. riapaivieTpbi pacKpacKH rpacpa H 2A cjie^yiOT H3 
jieMMbi [U ▲ 

TaKHM o6pa30M, xn(F) ecTb nepBaa coBepnieHHaa 2-pacKpacKa H3 cepnH, onHcaHHoii 
TeopeMoii[Tl B3hb HenepeceKaiomHeca c^BHrn £l(F) h BOcnojib30BaBHiHCb jieMMofiO mm 
MoaceM CTpoHTb pacKpacKH c flpyrHMH napaMeTpaMH. ^jih SToro HaM Hy>KHO Ha6paTb 
KaK mojkho 6ojibHie CMejKHbix KJiaccoB no F Ha paccTOHHHH He MeHee 4 npyr ot ^;pyra. 

PaCCMOTpHM MHOJKeCTBO 



D = {(x + y,x + z,x + y + z)\x E C 8 ,y,z E B 8 }, 
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rjj,e B ecTb (8, 128, 2)-kojj,, coj^epscamHH 00000000 h, cjie^OBaTejibHO, BKjnonaioiirHH C 8 
(Cg h C 8 bbojjhjihcb nepefl onpejj,ejieHHeM KOJia F (CD)). 

JleMMa 4. MnomecTBO D ecrh (24, 2 18 , 4)-ko^. 

/I,OKa3aTejii>CTBO. ,Hjih Hanajia otmcthm Tpn npocTbix HepaBeHCTBa 

p((u,v,w),(u',v',w')) > p{u + v + w, v! + v' + w'), (2) 
p((u,v,w),(u',v',w')) > p(u,u') + p(v + w,v' + w'), (3) 
p((u,v,w), (u\ v',w')) > p(v,v') + p(u + w,u + w'). (4) 

PaccMOTpHM cjiOBa r = (x + y,x + z,x + y + z) h r' = (x' + y',x > + z', x' + y' + z'), r/re 
x, x' G Cg, y, y', z, z' G B$. Ecjih x 7^ x', to, BOcnojib30BaBiHHCb ([2]) h paccTOHHneM 4 KOJia 
Cg, nojiynaeM p(r,r') > p(x,x') > 4. Ecjih x = x' h ?/ 7^ y', to H3 ([3]) HMeeM p(r,r') > 
p(x + y,x' + y') + p(y,y') = 2p(y,y') > 4. Cjiynaii x = x' , z z' aHajiornneH. TaKHM 
o6pa30M, npH pa3Hbix BbiSopax x, y h z mm 6ya,eM nojiynaTb pa3Hbie cjiOBa c nonapHbiM 
paccToaHneM He MeHee 4 /ipyr ot /ipyra. Hhcjio Bcex TaKHx cjiob paBHO |Cg| • |-Bs| 2 — 2 18 . 

A 

EIocKOJibKy F h D ecTb jiHHenHbie no/inpocTpaHCTBa h, oneBHJTHO, F C D, mm mojkcm 
pa36nTb D Ha 64 CMescHbix Kjiacca no F, o6o3HanHM hx F±, F2, . . . , i<64- H3 jicmmm [4] 
cjie^yeT, hto OKpecTHOCTH sthx cmsjkhhx KjiaccoB He nepeceKaiOTcn h, BOcnojib30BaBHiHCb 
jieMMoli [2], mm MoxeM CTpoHTb coBepHieHHbie pacKpacKH rpacpa H 2i c napaMeTpaMH 
BHjj,a ((20 + 3i, 256 — 3i)(3i, 276 — Si)), i = 1, . . . , 64. HtoSm HaKpbiTb 6ojibniHH cneKTp 
napaMeTpoB, HaM noHajj,o6HTCsi eme o^hh KO,xr. 

L = {(x,y,y + z)\x,y G B,z G Ci} 

JleMMa 5. XapaKTepiiCTimecKas (pyHKiima xl gctb coBepmeHHas pacKpacxa rpacpa 

PDP'Y) 

# 24 c napaMe T paMii ((28, 248) (8, 268)). 
,H,OKa3aTejii>CTBO. ripejxcTaBHM L b BHJxe 

L = {(x, w)\x G B,w G Ci 6 } 

r^e Ci 6 = + E B, z E d} ecTb (16, 2 11 , 4)-ko£. 

1) PaCCMOTpHM KOflOByK) BepniHHy (x,w) H3 Ci6- CjiOBa Kojja Cig, CMe>KHbie BepniHHe 
(X, U>) B if 24 , HMeiOT BHfl (x + 6, w) , r/Xe e - npOH3BOJIbHOe CJIOBO C JXByMH e/IHHHIiaMH. 

EIocKOJibKy TaKHx cjiob e pobho 28, KajKjjaa KO/rpBaa BepniHHa CMe>KHa c 28 kojxobmmh 
h, cjie^OBaTejibHO, c 248 HeKO,a,OBMMH. 

2) PaccMOTpHM HeKO^OByio BepniHHy (x, w) rpacpa H 2i . Ecjih x E~ B, to KO^OBbie 
BepiHHHM rpacpa H 24 , CMe>KHbie BepniHHe (x, w), HMeiOT bhjj, (x + e,w + e'), r^e cjiOBa e 
h e' coflepacaT no ojj;hoh e;o;HHHn;e pobho. Cjiobo e mojkho BbiSpaTb BOceMbio cnocoSaMH, 
a e! - He Sojiee neM ojj;hhm (nHane b C\q HaftflyTCH jj;Ba cjiOBa Ha paccTOHHHH 2 ;o;pyr ot 
jjpyra). TaKHM o6pa30M, hhcjio ko^obmx BepniHH, CMe>KHbix (x,w), He npeBoexo^HT 8. 
Ecjih x G B, to w Ci6, h KO^OBbie BepniHHM, CMe>KHbie BepniHHe (x,w) } HMeiOT bh/i, 
(x, w + e"), r^e e" copppmvn pobho ^Be ejj,HHHn,M. Hhcjio cnoco6oB BbiSopa e" - He Sojiee 
8 (nHane b C\§ Hafljj;yTCH jyb& cjiOBa Ha paccTOHHHH 2 jj;pyr ot /ipyra). TaKHM o6pa30M, 
KajKflaa HeKOJTpBaa BepniHHa CMeacHa He 6ojiee neM c 8 kojj;obmmh. C jrpyroft ctopohm, 
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KciK cjie^yeT H3 n.l, hhcjio peSep, coeflHHmoiiinx KO^OBbie h HeKO^OBbie BepniHHbi, paBHO 
2 18 -248 (rjj,e 2 18 - hhcjio Bcex ko^obbix BepniHH), hto coBna^aeT c (2 23 — 2 18 )-8, r^e 2 23 — 2 18 
- mhcjio Bcex HeKO^OBbix BepniHH rpacpa H 2i . IlojiyMaeTca, hto Ka>K^aa HeKO^OBaa 
BepniHHa CMejKHa pobho c 8 kojtobmmh h, cjieflOBaTejibHO, c 268 HeKOflOBbiMH. ▲ 

PaCCMOTpHM MHOJKeCTBO 

AT = {(x + 00000001, y + 00000001, z + 00000001) \x, y, z E B) C H° 2 f 

h pa3o6beM ero Ha 8 CMexoibix KjiaccoB L\, . . . , Lg no L. IlocKOJibKy paccTonHne ot 
D /xo N paBHO 3, Bee MHoacecTBa f2(Fi), ^(i^), Q(Fq4), L\, Lg nonapHO He 
nepeceKaiOTCH h, npHMeHaa jieMMy [2], nojiynaeM cjienyioinee: 

JleMMa 6. JIjisi jik>6mx i G {0, 1, ... , 64}, j G {0, 1, . . . , 8}, < i + j < 72, xa- 
paKTepiiCTimecKaa cpyHKiiiia o6 r be%miemiz i mho^kbctb 113 £l(Fi), ^(i^), £1(Fq4) 11 
j mho)K6ctb M3 L\, . . . , Lg ecTb coBepnieHHaa pacKpacxa c napaMerpaMH ((20 + 3i + 
87, 256 - 3i - 8j)(3t + 87, 276 - 3i - 8j)). 

IlocKOJibKy b BHfle 3i + 8j MoryT 6mtb npencTaBJieHM Bee nncjia ot 3 /xo 128, Kpoivie 
4, 5, 7, 10, 13, TeopeMa [H ^OKa3aHa. 



5 /JoKasaTejibCTBO TeopeMbi El Hecym,ecTBOBaHHe 

B 3tom pa3,a,ejie mm ^OKasceM HecymecTBOBaHne coBepnieHHbix pacKpacoK c napaMeTpaMH 
((20 + c, 256 — c)(c, 276 — c)) npn c = 1,2,4,5,7. Mhokcctbo S C V(H 2i ) Ha30BeM 
ccfiepou, ecjiH oho coctoht h3 Bcex 24 BepniHH Ha paccTosmHH o^hh ot HeKOTopon BepniHHbi 
(i^enmpa ccpepbi) H3 V(H 2A ). 

B /i,OKa3aTejibCTBe cjie^yiomeH jicmmm SyijeM o6o3HanaTb jjBOHHHbie cjiOBa ^jihhm 24 
b BHfle V24, r/xe V - mhojkcctbo HeHyjieBbix no3HHHH cjiOBa. 

JleMMa 7. Upe^nojioyKHM, xto xapaKTepiicTiixecKafi (pyHKifiix xc mho^kgctbsl C C 
V(H 2i ) zBJizeTCz coBepmeHHOH pacxpacKOH rpacpa H 24 c napaMeTpaMH ((20 + c, 256 — 
c)(c, 276 — c)). Ecjih c <7, to C ecTb o6 r beiiHHeHiie ccpep. 

/I,OKa3aTejii>CTBO. 

Mm paccMOTpHM tojibko /ana cjiy^aa ((25, 251) (5, 271)) h ((27, 249) (7, 269)), nocKOJib- 
Ky ocTajibHbie JxpKa3MBaiOTCH aHajiornHHO. 

B nepBOM cjiynae c = 5. Bo3BMeM npoH3BOJiBHyio BepniHHy v H3 C h noKa>KeM, hto OHa 
npHHa^i,Jie>KHT HeKOTopoii ccpepe, nojiHOCTbio co,a,ep>KaineHC5i b C . Be3 noTepn o6ihhocth 
6y/xeM CHHTaTb, hto v = 000000000000000000000000. 

Ilapy KOopflHHaT {i, j} ot 1 ^;o 24 Ha30B&vi nodoeou, ecjin {i,j}24 G C. H3 napaMeTpoB 
coBepnieHHOH pacKpacKH cjie^yeT, hto koaobmx nap pobho 25. KpoMe Toro, nocKOJibKy 
c = 5, 

(*) HeKO^OBan napa mo>kct nepeceKaTbcn He 6ojiee neM c neTbipbMn ko^obmmh (narani 
coce^OM ABjineTca BepniHHa v). 
PaccMOTpHM cjiynan: 

1) Ecjih b HeKOTopoii i-ft KOopjj;HHaTe nepeceKaiOTcn 23 KO/xoBbie napbi, to cooTBeT- 
CTByiomHe cjiOBa BMecTe c v o6pa3yiOT ccpepy, hto ^OKa3MBaeT yTBep>K^eHHe. 



2) Ecjih b HeKOTopoii i-ii koop^hheitg nepeceKaiOTca ot 5 ^,0 23 ko^obbix nap, to % 
ccmepjKHTCfl b HeKOTopoii HeKO^OBOH nape, hto npoTHBopennT (*). 

3) Ecjih b HeKOTopoii i-m KOop^HHaTe nepeceKaiOTca pobho 4 KO^OBbie napbi, to Han- 
jj;eTca KO^OBaa napa {j,k}, He nepeceKaiomaaca hh c o/ihoh h3 hhx. Tor/ia HeKO/iOBaa 
napa npoTHBopenHT (*). 

4) ElycTb hh b ojihoh KOop^HHaTe He nepeceKaiOTca 4 hjih Sojiee ko^obbix nap. Ylo- 
CKOJibKy KO^OBbix nap 6ojibine neM 24, Han^eTca KOopjiHHaTa i, b KOTopofi nepeceKaiOTca 
3 KO^OBbie napbi {i,ji}, {i, J2}, {h ^3}- JlerKO nocnnTaTb, hto cpeiin ocTaBinnxca 20 Koop- 
flHHaT Han/jerca TaKaa j, b KOTopofi nepeceKaiOTca mhhhmym /iBe KOflOBbie napbi. Tor/ia 
napa {i, j} npoTHBopenHT (*). 

JJ,jis cjiynaa c = 5 yTBepjKjj;eHHe jieMMbi jj;oKa3aHO. 

PaccMOTpHM cjiynaii ((27, 249) (7, 269)), t. e. c = 7. B nejiOM cmbicji ^OKa3aTejibCTBa 
noxo>K Ha npeflbi^yni,HH paccMOTpeHHbin cjiynan, tojibko Tenepn mm paccMaTpnBaeM He 
oflHy, a /iBe cocejTHnx BepniHHbi nepBoro nBeTa h noKa3biBaeM, t ito npn jho6om cnocoSe 
pacKpacKH OKpecTHOCTH 3thx flByx BepniHH BbinojiHeHne ycjiOBHa a = 27 BJieaeT npoTn- 
Bopeane c ycjiOBneivi c = 7 (npejrnojiojKHB ot npoTHBHoro, hto C He ecTb oSTjeTTHHeHne 
ccpep). 

Hepe3 C o6o3HannM o6T.eflHHeHHe ccpep, nojmocTbio co^ep>Kani,Hxca b C; a nepe3 C" - 
ero ^onojiHeHne j\o C. HaM HyjKHO jj;oKa3aTb, hto C" - nycToe MHOJKecTBO. npe/inojiojKHM 
npoTHBHoe. 06o3HanHM nepe3 k MaKCHMajibHyio moihhoctb nepeceneHna KOjja C h ccpepbi, 
co/iepjKameH xoTa 6bi o/iHy BepniHHy H3 C" . IlocKOJibKy TaKaa ccpepa o6a3aHa co/iepjKaTb 
BepniHHy He H3 C, HMeeM 

k < c = 7. (5) 
Ees noTepn o6mHOCTH MoaceM cnnTaTb, a™ = 000000000000000000000000 e C" h 

{l,2} 24 ,{l,3} 24 ,...,{i,fc} 24 ea 

H3 cjiob KO^a C, npHHa^Jie>Kani,Hx OKpecTHOCTH hjih {1,2} 24, KaK H3 ctpok cocTa- 

BHM TpH MaTpHIIbl. CTpOKH MaTpHIIbl A\ eCTb BCKTOpbl Beca 2, OTJIHnHbie OT {1,2}24 H 

He jiejKannie b OKpecTHOCTH {1,2)24. BeKTopbi Beca 2 (4), npHHajjjiejKamne OKpecTHOCTH 
{1,2)24, cocTaBJiaiOT MaTpniry A 2 (cooTBeTCTBemio A3). CaMH BeKTopbi h {1,2)24 se 

BKJIIOneHbl HH B O^Hy MaTpHH,y. MaTpHH,bI A\ H A 2 (KaK H A 2} A3) COCT03T B COBOKynHO- 
CTH H3 a — 1 = 26 CTpOK, KOTOpbie BMeCTe C {1,2}24 (cOOTBeTCTBeHHO C 0) COCTaBJiaiOT 

nepeceneHne C h OKpecTHOCTH (cooTBeTCTBemio {1,2)24). 06o3HanHB BbicoTy MaTpnnbi 
Ai nepe3 hi, HMeeM: 

h x + h 2 = h 2 + h 3 = 26. 
KpoMe Toro, H3 onpe/rejieHna k HMeeM 

h 2 <2k- 4, 

nocKOJibKy ctpokh A 2 HMeiOT bh,h {1,^)24 (ne Sojiee k — 2, nocKOJibKy BMecTe c h {1, 2)24 
npnHaflJiea<aT ojihoh ccpepe) hjih {2,^)24 (aHajiornnHo). 

TaK KaK ctpokh A\ h A 2 co/iepjKaT no jine e^HHHiibi, mhcjio ejTHHHii; b 3thx flByx 
MaTpnn;ax paBHO 52. 3HannT, b KaKOM-TO H3 ctoji6h;ob cojj;epjKHTCH (cyMMapHO b flByx 
MaTpnn;ax) He MeHee Tpex ejTHHHii;, hto no onpejj;ejieHHio k 03HanaeT 

k > 4. (6) 
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Ctpokh A 3 co^epjKaT no neTbipe e,a,HHHHbi, 3HannT b coBOKynHOCTH b Tpex MaTpnuax 
HMeeM 

2/i x + 2h 2 + 4h 3 = 2 ■ 26 + 2(26 - h 2 ) + 2h 3 > 104 - 2(2A; - 4) + 2h 3 = 112 - 4k + 2h 3 (7) 
e^HHHn, (2h 3 e^HHHn, b nepBbix ,a,Byx CTOJi6n,ax A 3 Bbi^ejiHeM OT^ejibHO, hto6bi noTOM 

COKpaTHTb) . 

On;eHHM 3to hhcjio c flpyroii CTopoHbi. Ha30BeM ctojiGhm c HOMepaMH He 6ojibine 
(Sojibine) k jieBofi (cooTBeTCTBeimo npaBoft) nacTbio MaTpniibi. 

(a) Jleean nacmb Mampuyu A\ codepcncum ne 6oAee (k — 2) (k — 1) edunuu,. J^evi- 
CTBHTejibHO, nepBbie ^Ba CTOJiSua 3toh MaTpniibi HyjieBbie, a Kax^bin H3 ocTaBninxca 
co^ep>KHT He Sojiee k — 1 e,n,HHHH,, no onpe^eneHnio k. 

(b) Jleeaji nacmt Mampuupi A 2 codepcncum ne 6oAee A(k — 2) edunuu,. 3to cjie^yeT 
H3 yjKe paccMOTpeHHoro cocTaBa MaTpniibi. 

(c) Ilpaeue nacmu ecex mpex Mampuu, codepcncam e coeoKynnocmu ne 6o./iee (24 — 
A;) (7 — k) edunuu,. /JencTBHTejibHO, ecjin b j'-m CTOJiSue, j > k, MaTpnubi A\, A 2 , A 3 
co^ep>KaT 6ojibnie neM (7 — k) g^hhhij,, to cjiobo {1, j} 2 ± ^ C HMeeT Sojiee 7 coce^eii H3 

C (cOOTBeTCTByiOIHHe CTpOKH nJIIOC 0, {1, 2} 2 4, {1, 3}24, . . . , {1, ^}24), x ito npOTHBOpeHHT 

napaivieTpy c = 7. 

^Zlajiee paccMOTpHM OT^ejibHO ,TBa cjiynaa: 

I. {1,2}24 G C". B 3tom cjiynae HMeeM Taxace cne^yioinee: 

(d) Jleeasi nacmb Mampuv,u A 3 codepcncum ne 6oAee 2h 3 + (k — 2)(k — 1) edunuu,. 
(AHajiorHHHO (a), tojibko nepBbie flBa CTOJiSua coctoht h3 e^HHHH;.) 

Htoto, oneHHB cyMMapHoe hhcjio e^HHHii; b Ai, A 2) A 3 corjiacHO (a)-(d) h ynnTbiBaa 
([7]), HMeeM 

112 - 4k + 2h 3 < (k - 2){k - 1) + 4(k - 2) + 2h 3 + (k - 2){k - 1) + (24 - k)(7 - k). 
To ecTb, 

3k 2 - 29k + 52 > 0, 

hto HeBepHO npn 3HaneHHnx k = 4,5,6,7, yflOBjieTBopmomnx ([5]) h ([6]). nojiynnjin npo- 
THBopenne. 

II. {1,2} 2 4 G C. Tor^a C BKJiiOHaeT b ce6a ccbepy c neHTpoM {l,2,j} 24 ^jih HeKO- 
Toporo j. Cjie^OBaTejibHO, MaTpnna A 3 co^epjKHT Bee ctpokh BH^a {l,2,j, i} 2 4, i G 
{3, . . . , 24} \ {j}, h, KaK cjie^CTBHe, Ka>K,a,biH CTOJiSen, A 3 co,a,epjKHT He MeHee o^hoh e^n- 
HHH,bi. YnHTbiBafl (c), nojiynaeM 

(e) Ilpaeue nacmu Ai u A 2 codepcncam e coeoKynnocmu ne 6oAee (24 — k) (6 — k) 
edunuu,. 

KaK mm y>Ke OTMenajin, hhcjio eflHHHn; b MaTpnuax A\ h A 2 paBHO 52. C ^pyron 
CTopoHbi, KaK cjie^yeT H3 (a), (b) h (e), oho He npeBoexo^HT 

(k -2)(k-l)+ 4{k - 2) + (24 - fc)(6 - k) = 2k 2 - 29k + 138. 

To ecTb nojiynaeM 2k 2 — 29k + 86 > 0, hto He BepHO ^;jih 5 < k < 7, ho cnpaBefljiHBO npn 
k — 4. 
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3tot nocjie^HHH ocTaBinHHcn noflCJiynaii paccMOTpHM OT^ejibHO. HivieeM: {1,2} 24 , 
{1 5 3}24, {1,4} 24 G C, npnneM {1,2} 24 npHHa,iiJie>KHT HeKOTopofi ccpepe, nojiHOCTbio Jie- 
jKameii b C. IleHTp btoh ccpepbi HMeeT bh,h {1,2,j'} 24 (oh He mokct co^epjKaTb o^Hy 
e/iHHHiry, nocKOJibKy G C"). IlocKOJibKy Tor/ia {1, j} 2 4 G C, j ecTb 3 hjih 4. PaccMOT- 
Phm cjiynaii j = 3 (btopoh aHajiornneH) . IIoKajKeM, hto 

(**) {1,4} 24 G C" . riycTb, ot npoTHBHoro, BepniHHa {1,4} 24 npHHa^JieiKHT HeKOTopoii 
ccpepe, nojiHOCTbio JiOKamen b C . AnajiornnHO yme paccMOTpeHHOMy cjiynaio c BepniH- 
hoh {1,2} 2 4, nemp 3toh ccpepbi o6n3aH HMeTb bha {l,j, 4} 2 4, rjj,e j ecTb 2 hjih 3. Ho 
Tor/ia ccpepbi c ueHTpaMH {1,2,3} 2 4 h {l,j, 4} 24 nepeceKaiOTca. Tonica nepeceneHHH npn- 
Hajj;jie5KHT C h HMeeT He MeHee 45 coce/ren 13 C (1+45 ecTb MomHOCTb o6 r bejiHHeHHH 
flByx ccpep), hto npoTHBopenHT napaMeTpy a = 27. YTBepjKfleHHe (**) jj;oKa3aHO. 

Tenepb, noMeHHB MecTaMH BTopyio h neTBepTyio KOop/rnHaTbi, mm npnxo/rHM k y>Ke 
paccMOTpeHHOMy cjiynaio I. A 

JleMMa 8. IlycTb C C V(H^ n ) ecrb od'be^iiHeHHe ccpep, ii xapaKTepiicTH^ecKan 
(pyHKu,nii Xc ecTb coBepnieHHax pacxpacxa rpacpa H 24 c napaMerpaMn ((20 + c, 256 — 
c)(c, 276 — c)). Tor^a jih6o c KpaxHO 3, jiii6o c > 25. 

^OKa3aTejii>CTBO. Ecjih C BKjnonaeT b ce6a ,a,Be nepeceKaiomHecfl ccpepbi, to hx o6t>- 
ejj;HHeHHe cojj;ep>KHT 46 BepniHH, a jiioSoh (h3 /rByx) oShthh BJieivieHT CMeaceH c ocTajib- 
hmmh 45 BepiHHHaMH oS'be/xHHeHHH. OTCiojia 20 + c > 45, t. e. c > 25. 

Ecjih, b npoTHBHOM cjiynae, C coctoht h3 HenepeceKaiomHxcH ccpep, to KajKjjaa Bep- 

G.VGTI 

niHHa rpacpa H 24: He H3 C CMejKHa c TpeMH BepiHHHaMH H3 Ka>Kjj,oli coce,zrHeH ccpepbi, 
OTKyzra c = mod 3. ▲ 
EIocKOJibKy 3HaneHHa c = 1, 2, 4, 5, 7 npoTHBopenaT jieMMaM [7] h [HI TeopeMa [2] /roica- 
3aHa. KpoMe Toro, mojkho c^ejiaTb bbibojj;, hto coBepmeHHaa pacKpacxa c napaMeTpaMH 
((23, 253)(3, 273)) e/THHCTBeHHa c tohhoctbio /to aBTOMopcpH3Ma rpacpa. 



6 3aKjiioHeHHe 

B 3aKJiiOHeHHe npHBe/reM TaSjiniry BceB03MOJKHbix 3HaneHHH napaMeTpa c ot 1 /to 128. 
3HaK " — " 03HanaeT HecymecTBOBaHne coBepmeHHon pacKpacKH c napaMeTpaMH (20 + 
c, 256 — c; c, 276 — c) b H24, "+" - cymecTBOBaHne, "?" - Bonpoc cymecTBOBaHHH otkpbit. 
Ecjih njiioc o6Be,a,eH b KpyjKOK, to pacxpacKy c /raHHbiMH napaMeTpaMH mojkho nocTpoHTb 
o6T.ejj;HHeHHeM CMejKHbix KJiaccoB OKpecTHOCTH KO/ia Tojiea, ecjin b npaMoyrojibHHK - 
o6T.ejj;HHeHHeM CMe>KHbix KJiaccoB jinHeftHoro KO/ia L. 



9 



1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 
















+ 

1 




? 


+ 

1 




? 


+ 

1 


vv 


+ 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


+ 




+ 


+ 


© 


+ 


+ 


© 


+ 


+ 


© 


+ 


+ 


© 


+ 


1+1 
l_!J 


33 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


45 


46 


47 


48 


© 


+ 


+ 


© 


+ 


+ 


© 


f+l 
l_!J 


+ 


© 


+ 


+ 


© 


+ 


+ 


© 


49 


50 


51 


52 


53 


54 


55 


56 


57 


58 


59 


60 


61 


62 


63 


64 


+ 


+ 


© 


+ 


+ 


© 


+ 


1+1 
l_!J 


© 


+ 


+ 


© 


+ 


+ 


© 


© 


65 


66 


67 


68 


69 


70 


71 


72 


73 


74 


75 


76 


77 


78 


79 


80 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


f+l 
l_!J 


81 


82 


83 


84 


85 


86 


87 


88 


89 


90 


91 


92 


93 


94 


95 


96 





© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


97 


98 


99 


100 


101 


102 


103 


104 


105 


106 


107 


108 


109 


110 


in 


112 





+ 


© 


© 


+ 


© 


© 





© 


© 


+ 


© 


© 


+ 


© 


© 


113 


114 


115 


116 


117 


118 


119 


120 


121 


122 


123 


124 


125 


126 


127 


128 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 


+ 


© 


© 






Ciihcok jiHTepaTypbi 



Cu6. 



Mam. chc. 



[1] J\. T. OoH-TIep-Ojiaacc. CoBepnieHHbie 2-pacKpacKii ranepKySa 
2007, 48(4), 923-930. 

[2] J\. T. OoH-^ep-Ojiaacc. CoBepnieHHbie 2-pacKpacKH 12-MepHoro Ky6a, flocTHraiomHe 



rpaHHD,bI KOppejIHD,HOHHOH HMMyHHOCTH / / 


Cu6. SAeKmpoH. Mam. U3e.\ 


295. Online: 


http : //semr . math . nsc . ru/v4/p292- 295 . pdf 





[3] D. Fon-Der-Flaass. A bound on correlation immunity / / Cu6. aAenmpoH. Mam. U3e. 



2007, 4, 133-135. Online: http : //semr . math . nsc . ru/v4/p!33- 135 . pdf 



[4] <J>. J\jk. MaK-BnjibJiMC, H. ^jk. A. Cjiosh. Teopun Kodoe, ucnpaeAsaov^ux ovulu6ku. 
M.: CBH3b, 1979. 



A^pec aBTopa: CTaTbH nocTynnjia 

HncTHxyT MaTeMaxuKH 19 Ma P Ta 2008 r - 

hm. C. JI. Co6ojie B a CO PAH, 

np-T AKa^eMHKa KonTiora, 4, 

630090 HobochShpck, 

Poccna. 

E-mail: krotov@math.nsc.ru 



10 



